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We present an exact treatment of the thermodynamics of physical systems in the framework of the
generalized uncertainty principle (GUP). Our purpose is to study and compare the consequences
of two GUPs that one implies a minimal length while the other predicts a minimal length and
a maximal momentum. Using a semiclassical method, we exactly calculate the modified internal
energies and heat capacities in the presence of generalized commutation relations. We show that the
total shift in these quantities only depends on the deformed algebra not on the system under study.
Finally, the modified internal energy for an specific physical system such as ideal gas is obtained in
the framework of two different GUPs.
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I. INTRODUCTION
As a significant consequence of various candidates of quantum gravity such as string theory, loop quantum gravity,
doubly special relativity and black hole physics, the existence of a minimal observable length and/or a maximal
observable momentum is suggested in the literature [1–3]. This minimal length is of the order of the Planck length
ℓP =
√
Gh¯/c3 ≈ 10−35m, where G is Newton’s gravitational constant.
Based on these theories, the Heisenberg uncertainty principle is modified to the so-called Generalized (Gravitational)
Uncertainty Principle (GUP) [4, 5]. Due to this modification, the Hamiltonian of the physical systems will be
modified which results in the deformation of the physical properties of these systems in both quantum mechanical
and classical levels. In the context of the GUP framework, various problems such as harmonic oscillator, hydrogen
atom, gravitational quantum well, Casimir effect, Landau levels, Lamb’s shift, and particles scattering have been
investigated exactly or approximately in Refs. [6–14].
In the context of the statistical mechanics, Fityo developed a semiclassical method for partition function evaluation
based on modification of elementary cells of phase space according to deformed commutation relations and inves-
tigated the thermodynamical properties of some physical systems up to the first order of the GUP parameter [15].
Moreover, using exact solutions of the generalized Schro¨dinger equation [9, 16–19], the effects of the minimal length
on partition function, internal energy, and heat capacity in classical and quantum mechanical domains have been
studied numerically in Refs. [9, 19–22].
In this paper, we investigate the thermodynamical properties of the physical systems in the context of the generalized
uncertainty principle. By using the results of Ref. [15], we obtained general relations that exactly calculate the modified
internal energies and heat capacities in the presence of deformed commutation relations. Using exact solutions, we
show that the total shift in internal energies and heat capacities does not depend on the physical systems and indeed
it is related to the deformed algebra. We have also compared the results of our calculations in two different GUP
frameworks. Finally, we obtain the modified internal energy for the ideal gas in these GUP frameworks.
II. THE GENERALIZED UNCERTAINTY PRINCIPLE
First consider the following GUP in agreement with various theories of quantum gravity [23–28] which is proposed
by Kempf, Mangano and Mann (KMM) in one dimension [16, 29–34]
∆X∆P ≥ h¯
2
(1 + β(∆P )2 + β〈P 〉2), (1)
where β = β0/(c
2M2Pl) is the GUP parameter,MPl =
√
h¯c/G is the Planck mass and β0 is a dimensionless parameter of
the order of unity. The relation (1) implies a minimal observable length proportional to the Planck length (∆X)min =
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2h¯
√
β =
√
β0ℓPl. The above generalized uncertainty relation leads to modification of the canonical communication
relations. In three-dimensions we have [16, 29, 30]
[Xi, Pj ] = ih¯
(
(1 + βP 2)δij + β
′PiPj
)
,
[Pi, Pj ] = 0,
[Xi, Xj ] = ih¯
2β − β′ + (2β + β′)βP 2
1 + βP 2
(PiXj − PjXi),
(2)
where i, j = 1, 2, 3 and β, β′ are the GUP parameters. For this case, the minimal length becomes (∆X)min = h¯
√
β + β′.
To incorporate the idea of maximal observable momentum in agreement with doubly special relativity theories, we
use the recently proposed generalized uncertainty principle (GUP∗) which implies both the minimal length uncertainty
and maximal observable momentum [31, 32]
[Xi, Pj ] =
ih¯δij
1− βP 2 ,
[Pi, Pj ] = 0,
[Xi, Xj ] =
2ih¯β
(1− βP 2)2 (PiXj − PjXi),
(3)
where (∆X)min =
3
√
3
4 h¯
√
β and the momentum of the particle cannot exceed 1/
√
β, i.e., Pmax = 1/
√
β. Note that,
these generalized commutation relations are the particular forms of the general relations [35]
[Xi, Pj ] = ih¯ fij(β, β
′, P ),
[Pi, Pj ] = ih¯ hij(β, β
′, P ),
[Xi, Xj ] = ih¯ gij(β, β
′, P ).
(4)
Here, {β, β′} are the GUP parameters and {fij , gij , hij} are deformation functions. In the limit β, β′ → 0, fij goes
to unity while gij and hij go to zero. Thus, the position and momentum operators tend to the ordinary position and
momentum operators xi and pi satisfying [xi, pj ] = ih¯δij . In the classical limit h¯ → 0 the quantum commutation
relations lead to the Poisson brackets as
1
ih¯
[A,B]⇒ {A,B}. (5)
The effects of the GUP on classical and quantum mechanical systems are addressed in Refs. [1, 17, 35–40].
III. GUP AND THE MODIFIED THERMODYNAMICS
The partition function for a system with N non-interacting particles in the GUP framework is [15]
ZN =
1
h3N
∫
d3NXd3NP
J
exp
[
−H(X,P )
kBT
]
, (6)
where H(X,P ) is the Hamiltonian of the system, kB is Boltzman’s constant, T is the temperature, and J =
∂(X1,P1,...,XD ,PD)
∂(x1,p1,...,xD,pD)
is the Jacobian of the transformation in D-dimensions. Indeed, the Jacobian can be read off from
the modified poisson brackets. In three-dimensions we have [15]
∂(X1, P1, X2, P2, X3, P3)
∂(x1, p1, x2, p2, x3, p3)
= {X1, P1} {X2, P2} {X3, P3} − {X1, P3} {P1, P2} {X2, X3} −
{X1, P2} {X2, P1} {X3, P3} − {X1, P3} {X2, P2} {X3, P1} − {X1, P1} {X2, P3} {X3, P2}+
{X1, X2} {P1, P3} {X3, P2}+ {X1, P3} {X2, P1} {X3, P2} − {X1, X2} {P2, P3} {X3, P1}+
{X1, P2} {X2, X3} {P1, P3} − {X1, X3} {P1, P3} {X2, P2}+ {X1, X3} {X2, P1} {P2, P3}+
{X1, X3} {P1, P2} {X2, P3} − {X1, X2} {P1, P2} {X3, P3} − {X1, P1} {X2, X3} {P2, P3}+
{X1, P2} {X2, P3} {X3, P1} . (7)
For the deformed commutation relations (4), the Hamiltonian can be written in the following form
H =
P 2
2m
+ U(X), (8)
3and the relation (6) becomes
ZN =
1
h3N
∫
d3NX exp
[
− U(X)
kBT
]∫
d3NP
exp
[
− P
2
2mkBT
]
J(β, β′, P )
, (9)
where U(X) is the potential function. In ordinary thermodynamics we have
Z0N =
1
h3N
∫
d3Nxd3Np exp
[
− H0(x, p)
kBT
]
, (10)
where H0 = p
2/2m+ U(x) is the Hamiltonian for the non-deformed case. Now, since
∫
d3Nx exp
[
− U(x)
kBT
]
= h¯3NZ0N (2πmkBT )
− 3
2
N
, (11)
we obtain
ZN = Z
0
N (2πmkBT )
− 3
2
N
∫
d3NP
exp
[
− P
2
2mkBT
]
J(β, β′, P )
. (12)
Thus, the modified internal energy E = − ∂
∂(kBT )
lnZ and heat capacity C = ∂E
∂T
, are given by
E = E0 − 3
2
NkBT +
N
2m
S2
S0
,
C = C0 − 3
2
NkB − N
4m2kBT 2
S4S0 − (S2)2
(S0)2
,
(13)
where Sn =
∫
d3P Pn
exp
[
− P
2
2mkBT
]
J(β, β′, P )
. Here, E0 and C0 are the internal energy and the heat capacity in ordinary
thermodynamics, respectively, i.e., E0 = − ∂
∂(kBT )
lnZ0 and C0 = ∂E
0
∂T
. After integrating out the angular parts, the
above equations can be written as
E = E0 − 3
2
NkBT +
N
2m
s4
s2
,
C = C0 − 3
2
NkB − N
4m2kBT 2
s6s2 − (s4)2
(s2)2
,
(14)
where sn =
∫
dP Pn
exp
[
− P
2
2mkBT
]
J(β, β′, P )
. Other modified thermodynamical quantities such as Helmholtz free energy
A = −kBT lnZ and entropy S = kB lnZ + E/T can be obtained in a similar manner.
IV. APPLICATIONS
In the following subsections, we investigate the effects of two GUPs (2,3) on the thermodynamical properties of
the physical systems. The KMM’s GUP framework implies a minimal length while the high order GUP framework
(GUP∗) predicts minimal length and maximal momentum. We also compare the results for both GUPs.
A. KMM’s GUP: minimal length
In three-dimensional space, the KMM’s GUP is given by Eq. (2). For this case, the Jacobian of the transformation
reads [15]
J = (1 + βP 2)2(1 + (β + β′)P 2). (15)
4So, using Eq. (14) we obtain the following exact relation for the internal energy
E = E0 − 3
2
NkBT +
N
2mβ
−Ω1Γ
(1
2
,
1
2βξ
)
+
√
β
(
Ω2 +Ω3Γ
(1
2
,
1
2(β + β′)ξ
))
Ω4Γ
(1
2
,
1
2βξ
)
+Ω5 − Ω6Γ
(1
2
,
1
2(β + β′)ξ
) , (16)
where ξ = mkBT and


Ω1 =
√
β′ + β
(
− β′ − β′βξ + 2β2ξ
)
exp
(
1
2βξ
)
,
Ω2 = −β′
√
2(β′ + β)ξ,
Ω3 = 2β
2ξ exp
(
1
2(β+β′)ξ
)
,
Ω4 =
√
β′ + β
(
− β′ + β′βξ + 2β2ξ
)
exp
(
1
2βξ
)
,
Ω5 = β
′√2β(β′ + β)ξ,
Ω6 = 2β(β + β
′)
√
β exp
(
1
2(β+β′)ξ
)
.
(17)
The exact heat capacity is given by
C = C0 − 3
2
NkB +
1
2
N
√
kB
mT
(β′)2
×
Ψ1Γ
(1
2
,
( 1
2βξ
)2)
+Ψ2 −Ψ3Γ
(1
2
,
1
2(β + β′)ξ
)
+Ψ4 +Ψ5Γ
(1
2
,
1
2(β + β′)ξ
)
√
β(β + β′)
[
Ψ6Γ
(1
2
,
1
2ξ
)
+ ξ
√
β
[
Ψ7 −Ψ8Γ
(1
2
,
1
2(β + β′)ξ
)]]2 , (18)
in which


Ψ1 = −2
(
β + β′
) 3
2
√
πβξ exp
(
1
βξ
)
,
Ψ2 = 2β
′√β(β + β′)ξ,
Ψ3 =
√
2β
(
β′ + 2ββ′ξ + 2β2ξ
)
exp
(
1
2(β+β′)ξ
)
,
Ψ4 =
√
2(β + β′)
(
− β′ + ββ′ξ + 2β2ξ
)
exp
(
1
2βξ
)
Γ
(
1
2
,
1
2βξ
)
,
Ψ5 =
√
1
ξ
(
β′ + 3ββ′ξ + 2β2ξ
)
exp
(
β′+2β
2β(β+β′)ξ
)
Γ
(
(
1
2
,
1
2βξ
)
,
Ψ6 =
√
β + β′
(
− β′ + ββ′ξ + 2β2ξ
)
exp
(
1
2βξ
)
,
Ψ7 = β
′
√
2(β + β′)
ξ
,
Ψ8 = 2β
(
β + β′
)
exp
(
1
2(β+β′)ξ
)
,
(19)
and Γ(a, x) =
∫∞
x
ta−1e−tdt is the incomplete gamma function. In the limit β, β′ −→ 0, the internal energy and heat
capacity tend to E0 and C0, respectively, as it is expected.
Notice that, although the changes in the energies and heat capacities depend on the modified algebra, these changes
are similar for all physical systems. It is worth mentioning that the effects of GUP on various physical systems are
also addressed in Refs. [6–8, 10–14]. In particular, the effects of minimal length on thermostatistics of classical and
quantum mechanical systems have been studied in Refs. [19–22].
B. GUP∗: minimal length and maximal momentum
For GUP∗ the Jacobian of transformation becomes
J =
1
(1− βP 2)3 , (20)
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FIG. 1: The shift of internal energy (E −E0)/N versus T for KMM’s GUP (blue line) and GUP∗ (red line). We set m = kB = 1
and β = β′ = 0.1.
Now, using Eq. (14) we obtain the exact internal energy as
E = E0 − 3
2
NkBT +
N
2m
Θ1 exp
( −1
2βξ
)
−Θ2Γ
(
1
2
,
1
2βξ
)
Θ3 exp
( −1
2βξ
)
+Θ4Γ
(
1
2
,
1
2βξ
) , (21)
where 

Θ1 = 3
√
βξT 2
(
1− 315β2ξT
)
,
Θ2 =
3√
2
T
3
2
(
− βξ + 15β2ξ2 − 105β3ξ3 + 315β4ξ4
)
,
Θ3 =
√
βξT
(
1− 10βξ + 105β2ξ2
)
,
Θ4 =
1√
2
ξT
1
2
(
1− 9βξ + 45β2ξ2 − 105β3ξ3
)
.
(22)
For the heat capacity, we exactly find
C = C0 − 3
2
NkB + 3NkB
×
∆1 − 2∆2 exp
(
1
2βξ
)
Γ
(
1
2
,
1
2βξ
)
+
√
π∆3 exp
(
1
βξ
)
Γ
(
1
2
,
( 1
2βξ
)2)
[
∆4 +∆5 exp
(
1
2βξ
)
Γ
(
1
2
,
1
2βξ
)]2 , (23)
where 

∆1 = 18βξ + 210T
(
8β3ξ2 − 60β4ξ3 + 315β5ξ4
)
,
∆2 =
√
2βξ
(
− 5 + 11βξ − 630β2ξ2 + 4410β3ξ3 − 17325β4ξ4 + 33075β5ξ5
)
,
∆3 = 1− 30βξ + 405β2ξ2 − 2940β3ξ3 + 11655β4ξ4 − 28350β5ξ5 + 33075β6ξ6,
∆4 =
√
βξ
(
− 2 + 20βξ − 210β2ξ2
)
,
∆5 =
√
2
(
− 1 + 9βξ − 45β2ξ2 + 105β3ξ3
)
.
(24)
It is worth mentioning that the shift in the internal energies and heat capacities for physical systems does not
depend on the type of the system. For comparison, we plotted (E − E0)/N (see Fig. 1) and (C − C0)/N (see Fig. 2)
in terms of temperature in KMM’s GUP and GUP∗ frameworks. As it can be seen from Fig. 1, the energy shift of
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FIG. 2: The shift of heat capacity (C − C0)/N versus T for KMM’s GUP (blue line) and GUP∗ (red line). We set m = kB = 1
and β = β′ = 0.1.
physical systems for GUP∗ is greater than the KMM’s GUP. Fig. 2 shows the similar result for the heat capacity.
Moreover, in the high temperature limit, the heat capacity tends to zero for both cases, namely C(T → ∞) = 0 in
agreement with Ref. [15]. Thus, according to the relation C = ∂E
∂T
, the internal energy asymptotically tends to a
maximum value.
Finally, we have shown the internal energy versus temperature for the ideal gas system in Fig. 3. As this figure
shows, in low temperature limit, the behavior of ideal gas’s internal energy for both the KMM’s GUP and GUP∗
coincides. However, in high temperature limit, the internal energy of the ideal gas in the KMM’s GUP is greater than
the internal energy in the GUP∗ framework and contains a maximum value in both scenarios. The exact maximum
value of internal energy for the ideal gas in the KMM’s GUP is given by
EKMMmax =
1 +
2
√
β√
β′ + β
2mβ
, (25)
It is worthwhile to note that in the GUP∗ framework the momentum of particle can not exceed 1/
√
β. Therefore,
we expect that the temperature of the system represent a maximum value. At this temperature the heat capacity of
systems is zero. Using Eq. (14) we obtain the following relation to calculate the value of maximum temperature for
the ideal gas system
s6s2 − (s4)2 = 0, (26)
which can be solved numerically. At high temperature limit, i.e., 2mkBT ≫ 1, we have
Tmax ≈ 7
30mkBβ
. (27)
At this temperature, Emax for the ideal gas becomes
EGUP
∗
max =
63
(
24010 + 1400mkB − 157
√
105πe
15
7 (mkB)
3
2Erf [
√
15
7 ]
)
20m3k2Bβ
(
55230 + 29e
15
7
√
105πmkBErf [
√
15
7 ]
) . (28)
For instance, for m = kB = 1 and β = β
′ = 0.1 these maximum values are found to be 12.07 and 1.07 for the KMM’s
GUP and GUP∗, respectively. Also, the internal energy and heat capacity of other physical systems such as harmonic
oscillator can be calculated by substituting the value of E0 and C0 in Eq. (14). Furthermore, the modified partition
function Eq. (12) up to the first order of GUP parameter in KMM’s GUP framework [15] and GUP∗, are respectively
given by
ZKMM = Z0
(
1− 3(3β + β′)mkBT + · · ·
)
, (29)
ZGUP
∗
= Z0
(
1− 9βmkBT + · · ·
)
. (30)
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FIG. 3: The internal energy of ideal gas E/N versus T for KMM’s GUP (blue line) and GUP∗ (red line). We set m = kB = 1
and β = β′ = 0.1.
In fact, for β′ = 0, Eqs. (29) and (30) become identical. This is an expected result, due to equality of two GUP
frameworks to the first order of GUP parameter when β′ = 0.
V. CONCLUSIONS
In this paper, we have studied the thermodynamics of physical systems in the framework of the generalized uncer-
tainty principle [1–3, 19–22]. We obtained exact semiclassical relations in order to calculate the internal energy and
heat capacity of physical systems in a general deformed algebra. We showed that the shift in internal energies and
heat capacities are the same for all physical systems and only depends on the chosen deformed algebra. We applied
this method for GUP∗ and KMM’s GUP and obtained the GUP-corrected thermodynamical variables. Furthermore,
we investigated the behavior of internal energy for the ideal gas system in these frameworks. It is shown that for
small temperature limit, the behavior of the internal energy is the same for both cases. However, in high temperature
limit, the internal energy monotonically increases versus temperature such that EKMM > EGUP∗ .
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